Abstract. Let p : E → B be a principal fibration with classifying map w : B → C. It is well-known that the group [X, Ω C] acts on [X, E] with orbit space the image of p # , where
Results and discussion
A principal fibration p : E → B is a fibration with a classifying map w : B → C such that E is a pull-back of the path-loop fibration for C along w. Pick a base point * E ∈ E. Let the base point in B be * B = p( * E ) and let the base point in C be * C = w( * B ), so that w and p become based maps.
It is a result going back to Peterson [6 
The image of the composition
is the isotropy subgroup of e under the left [X, ΩC] action on [X, E]. Theorem 1.2 gives a sequence with many of the same properties as (1.1). The group [X, ΩC] is the same for both sequences. The group Lif t f * X L B depends on B, f and X instead of just X and ΩB as in (1.1), but it is still independent of C and w. The homomorphism between these two groups can depend on f in addition to just w (see §6.3). The additional information supplied by Theorem 1.2 comes from the fact that all the isotropy subgroups are determined rather than just the isotropy subgroup of the null homotopic map as in (1.1). Remark 1.3. J. Rutter [9] has results similar to these if B and C are H-spaces. In this case the multiplication can be used to naturally identify Lif t f * X L B with [X, ΩB]. Rutter uses the H-space structure to describe a homomorphism [X, ΩB] → [X, ΩC], depending on f , which presumably is related to the homomorphism given by Theorem 1.2 whenever B is an H-space. In general this homomorphism can not be the one induced by Ωw since the size of the cokernel can vary with f . (See 6.9 and 6.10.)
The observation that there is a natural right action of the section groups adds generality, and perhaps clarity, to the result.
An additional observation is that the calculations required by (1.1) and Theorem 1.2 are natural in both the space X and the principal fibration.
Recall of some basic results
The sequence (1.1) can be derived from standard results about the path-groupoid applied to function spaces. The needed results are recalled below. To prove Theorem 1.2 requires an additional technical lemma, Lemma 2.4.
2.1. Point set topology. As usual all constructions take place in a "convenient category", K. Vogt [12] is a good reference. One key point is that the exponential correspondence holds, the space of maps X ×Y to W , is homeomorphic to the space of maps of X to W Y . Here the product gets the product topology in K and W Y gets the topology given by starting with the compact-open topology and making it compactly-generated. Also, the subspace topology on a subset is the one given by taking the usual subspace topology and then making it compactly-generated. Reversing the path defines an involution W w0,w1
, and hence a bijection, such that the image of the composition W w0,w1
is the constant path at w 0 . There is a similar constant map W w0,w1 → W w1,w1 .
For any w ∈ W , W w,w is a group under path concatenation with −1 being the inverse map.
If W w0,w1 is non-empty, the group W w0,w0 acts on it on the left and the group W w1,w1 acts on the right. Associativity of path concatenation makes W w0,w1 into a bi-set. Result 2.3. If non-empty, the bi-set W w0,w1 is a torsor for each group action.
Proof. To be a torsor means the group action is transitive and the isotropy subgroup of any point is trivial.
Let τ 0 , τ 1 ∈ W w0,w1 . Then
∈ W w0,w0 . Hence both actions are transitive. Now suppose λ • τ = τ for some λ ∈ W w0,w0 and some τ ∈ W w0,w1 . Then
and therefore λ is homotopic rel end points to the constant path and so the isotropy subgroup of τ under the left action is trivial. A similar calculation shows the right action also has trivial isotropy subgroups.
Lemma 2.4. Let τ 0 , τ 1 be representatives of elements in W w0,w1 and let φ ∈ W w1,w1 . There exists a homotopy
Proof. Let H be a homotopy rel end points from τ 0 • φ to τ 1 . Figure 1 is a visual representation for H and Figure 2 is one for F . Lemma 2.4 is equivalent to constructing F given H and H given F . There is an evident map from the squares in Figures 1 and 2 to the triangle in Figure 3 . Either map H or F induces a map G from the triangle to W . Given G, composition with the map from the appropriate square constructs both F and H.
Bi-torsors. Suppose T is a left G torsor and a right H torsor as well as a
Check γ x andγ x are inverse functions. Hence they are inverse homomorphisms and the result follows.
Result 2.6. If x 1 , x 2 ∈ T , then γ x1 and γ x2 are conjugate as areγ x1 andγ x2
The proof for theγ is similar. The definition of the space P C requires a base point in C, say * C . Then P C is the space of all maps λ : [0, 1] → C such that λ(0) = * C . Equivalently it is the subspace of
. Up to fibre homotopy equivalence, a principal fibration has a standard model. The total space is E w ⊂ B × C [0, 1] such that (b, λ) ∈ E w if and only if w(b) = λ(1) and * C = λ(0). The fibration projection is just projection onto the B factor. If B is given a base point * B such that w( * B ) = * C , then E w has a base point, * B , c where it should cause no confusion to shorten the notation for the base point in a function space to c.
For the purposes of this paper it suffices to pick a convenient based map w, and then work with E w . Two w which are based homotopic yield E w which are based fibre homotopy equivalent and all questions discussed here only depend on the based fibre homotopy type of the fibration.
The next result describes the set of lifts. There is a map induced by composition with w, w X :
Result 2.7. The set of homotopy classes of lifts of f ∈ B X is equivalent to the set W w0,w1 where W = C X , w 0 = c and w 1 = w X (f ). If f is based, then the set of based homotopy classes of lifts of f is equivalent to the set W w0,w1 for the same w i but with W = C X * . Proof. A map of X to E w consists of a map f : X → B and a map Λ : X → C Fix a principal fibration p : E w → B, w : B → C. Fix a base point in B and use its image to base C. This gives a preferred base point in E w . Also fix a based space X.
Let W = C X * . Since C must have a base point to define E w , let c be the constant map of X to the base point of C. Fix e : X → E and let f = p • e. 
Some general remarks on calculations
There are some situations in which the group of lifts calculation can be replaced by just calculating a set of homotopy classes of maps.
One situation, Corollary 4.2, is a generalization of a result of James and Thomas, [2, Theorem 2.6, p. 493].
Theorem 4.1. Let Y be a based space and let f : X → Y be a based map. Then
is exact in that the image of ι is ǫ
The image of ι is also the set of conjugacy classes of elements of G.
By the exponential correspondence a lift is also a map S 1 → Y X . The lift property is equivalent to the additional condition that the base point of
with no condition on the base points except that the base point of S 1 lands in the path component of f . There is always a homotopy which takes the base point of
It is always true that the relation between π 1 (Y X ; f ) and the free homotopy classes is that the set of free homotopy classes is the set of conjugacy classes. 
Given a map
is a subgroup of C and there is a bijection between the coset space of this inclusion and the cokernel of Lw # .
Some results on H-spaces
To go further with the analysis in the last section requires some hypotheses. Let B and C be H-spaces which have the homotopy type of CW complexes. Do not assume that the classifying map w : B → C is an H-map. Theorem 1.2 under these additional assumptions was obtained by J. W. Rutter [ 
Hence it suffices to understand L w # for w :
Zabrodsky [13, §1.4, p. 25] discusses the deviation from a map being an H-map. In this case, the deviation is a map D : L B ∧ L B → L C which depends on w and is null-homotopic if and only if w is an H-map.
With α ∈ [X, ΩB] and β ∈ [X, B] define W (α, β) as the composition
Assume further that C is homotopy-associative so that L C is also homotopyassociative. Then [X, L C] is a group and so
To continue, Zabrodsky [13, 1.4 
Hence it follows that the composition ΩB ∧B Plugging this into the formula above shows
. Let µ 3 : ΩC × ΩC → ΩC be the usual H-space multiplication and since µ 2 is homotopy-associative the next formula has been proved: Further information on D can be obtained by applying (5.1) to the identity map which yields the next result. Corollary 5.5. Suppose a ∈ H r1 (ΩB; Z) and b ∈ H r2 (E; Z) are primitive classes,
Proof. Since both a and b are primitive, the composition
. By Theorem 5.4 the result follows since w * (b) = 0.
Remark 5.6. If C is not an H-space but is highly connected, then replace C by ΩΣC and consider the composition B → C ι − → ΩΣC where ι is the canonical inclusion. There is a commutative ladder
is an isomorphism as are the other induced vertical maps. The results above can be applied to theÊ principal fibration to yield results about the E principal fibration.
6. Some examples 6.1. Steenrod's problem. Steenrod [11] solved the problem of enumerating the homotopy classes of maps [X, S n ] where n 3 and X is a CW complex of dimension at most n+ 1. Theorem 1.2 is not needed for the calculations in this subsection, but the results are needed below. A modern approach to this problem goes as follows.
For n 1, let SE n be the fibre of the map K(Z, n)
There is a map S n → SE n and the induced map [X, S n ] → [X, SE n ] is an isomorphism if n 3 and the dimension of X is at most n + 1. In other words, SE n is the first two stages of a Postnikov decomposition for S n . The needed calculations are due to Serre [10] .
For n 3, SE n = ΩSE n+1 so SE n is a homotopy-abelian H-space, [X, SE n ] is an abelian group, and the fibration de-loops. 
is an exact sequence of abelian groups. Historically of course this approach is backwards. Steenrod invented Sq 2 to solve this problem and then worked out the Steenrod algebra which led to Serre's work. One could make a case for this being one of the all-time most important problems in algebraic topology.
Larmore and Thomas [3, §5] give a procedure to determine the extension in (6.1). In this case their procedure reduces to determining how the kernel of the multiplication by 2
To analyze this, consider the 2 k power maps on SE n , s k , k 1. For each k there is a commutative ladder of fibrations
Since the rows are fibrations (up to homotopy) there exists a map ψ ′ k as indicated in the diagram making the lower triangle commute. Since H n+1 K(Z, n); Z/2 k Z = 0, the map ψ ′ is unique. It follows from the Serre spectral sequence for the fibration that H n+1 SE n ; Z/2 k Z = 0 so the upper triangle involving ψ ′ k also commutes. Next check that the following diagram commutes. Theorem 6.2. Let X be a finite complex of dimension n + 1. Fix γ ∈ H n (X; Z) and suppose there is a k 1 such that 2 k γ = 0. Pick γ ′ ∈ H n−1 (X; Z/2 k Z) with δ k (γ ′ ) = γ and then compute Sq 2 (γ ′ ) ∈ H n+1 (X; Z/2Z)/Sq 2 H n−1 (X; Z) ⊂ [X, S n ]. For anyγ ∈ [X, S n ] which maps to γ,
Example 6.3. Suppose X is a complex of dimension n + 1 and suppose that Sq 2 : H n−1 (X; Z) → H n+1 (X; Z/2Z) and Sq 2 : H n−1 (X; Z/2Z) → H n+1 (X; Z/2Z) have the same image. Then [X, S n ] = coker Sq 2 ⊕ H n (X; Z). 
